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$u_{xx}=- \frac{\pi^{2}}{16}\sin\frac{(x+1)\pi}{4}$, -l $<x$ $<1$
$u(-1)=0$, $u_{x}(1)=0$ .
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2 2.1 - 2
. ,
$r=0$ .
$u_{x}(x, y)= \cos\theta u_{r}(r, \theta)-\frac{\sin\theta}{r}u_{\theta}(r$ ,
$\cos\theta$
$u_{y}(x, y)=\sin\theta u_{r}(r, \theta)+u_{\theta}(r\overline{r}$ ,
$u_{xx}(x, y)= \cos\theta u_{rr}(r, \theta)-\frac{\sin 2\theta}{r^{2}}(ru_{r\theta}(r, \theta)-u_{\theta}(r, \theta))+\frac{\sin\theta}{r^{2}}(u_{\theta\theta}(r, \theta)+ru_{r}(r, \theta))$
$u_{xy}(x, y)= \frac{\sin 2\theta}{2}\{u_{rr}(r, \theta)-\frac{1}{r^{2}}(u_{\theta\theta}(r, \theta)+ru_{r}(r, \theta))\}+\frac{\cos 2\theta}{r^{2}}(ru_{r\theta}(r, \theta)-u_{\theta}(r, \theta))$
$u_{yy}(x, y)=\sin\theta u_{rr}(r$, $(ru_{r\theta}(r, \theta)-u_{\theta}(r, \theta))+\frac{\cos\theta}{r^{2}}(u_{\theta\theta}(r, \theta)+ru_{r}(r, \theta))$
2.1.
$r=0$ . ,
$u_{x}(0, \theta)$ , $(r, \theta)=(0, \theta)$ $u_{x}$ (x, $y$ ) $r\neq 0$
.
$u_{x}(0, \theta)=\cos\theta u_{r}(0, \theta)-$ sin $\theta u_{r\theta}(0, \theta)$
$u_{y}(0, \theta)=\sin\theta u_{r}(0, \theta)+\cos\theta u_{r\theta}(0$ ,
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$u_{xx}(0, \theta)=u_{rr}(0, \theta)-\frac{1}{2}\sin 2\theta u_{rr\theta}(0, \theta)+\frac{1}{2}\mathrm{s}$in2 $\theta u_{rr\theta\theta}(0, \theta)$
$u_{xy}(0, \theta)=\frac{1}{2}\cos 2\theta u$ rrn $(0, \theta)-\frac{1}{4}\mathrm{s}$in $2\theta u_{rr\theta\theta}(0$ ,
$u_{yy}(0, \theta)=u_{rr}(0, \theta)+\frac{1}{2}\sin 2\theta u_{rr\theta}(0, \theta)+\frac{1}{2}\mathrm{c}$os2 $\theta u_{rr\theta\theta}(0$ ,
(1) .
$r1$ $arrow$ $\frac{\partial}{\partial r}$ , $\frac{1}{r^{2}}$ $arrow$ $\frac{1}{2}\frac{\partial^{2}}{\partial r^{2}}$
(2) 2.2 .
$u_{r}(0,$ $\theta)+u_{r\theta\theta}(0,$ $\theta)=0$
, $u$ (x, $y$ ) $x,$ $y$ Taylor . ,
2.2.
, $u$ (x, $y$ ) $x,$ $y$ .
’ $\theta$ . , ’ $\theta$
$x,$ $y$ $\not\subset$
$\bullet$ $u_{\theta}(0, \theta)=u_{\theta\theta}(0, \theta)=(u_{x})_{\theta}(0, \theta)=(u_{y})_{\theta}(0, \theta)=0$
$\bullet$
$\theta$
$u \theta(r, \theta)=u_{\theta}(0, \theta)+ru_{r\theta}(0, \theta)+\frac{r^{2}}{2}u_{rr\theta}(0, \theta)+\cdots=r$ $u_{r\theta}(0, \theta)+\frac{r^{2}}{2}u_{rr\theta}(0, \theta)+\cdots$
$u_{\theta\theta}(r, \theta)=u_{\theta\theta}(0, \theta)+ru_{r\theta\theta}(0, \theta)+\frac{r^{2}}{2}u_{rr\theta\theta}(0, \theta)+\cdots=r$ $u_{r\theta\theta}(0, \theta)+\frac{r^{2}}{2}u_{rr\theta\theta}(0, \theta)+\cdot$ .
(1) , 1
$u_{x}(0, \theta)=\lim_{rarrow 0}(\cos\theta u_{r}(r, \theta)-\frac{\sin\theta}{r}u_{\theta}(r, \theta))=\mathrm{c}\mathrm{o}$s $\theta\lim_{rarrow 0}u_{r}(r, \theta)-$ sin $\theta\lim_{rarrow 0}\frac{1}{r}u_{\theta}(r, \theta)$
$=\cos\theta u_{r}(0, \theta)-$ sin $\theta\lim_{rarrow 0}\frac{u_{\theta}(r,\theta)-u_{\theta}(0,\theta)}{r}$ $(. u_{\theta}(0, \theta)=0)$
$=\cos\theta u_{r}(0, \theta)-\sin\theta u_{r\theta}(0, \theta)$
184
$u_{y}(0, \theta)=\lim_{rarrow 0}(\sin\theta u_{r}(r, \theta)+\frac{\cos\theta}{r}u_{\theta}(r, \theta))=\sin\theta\lim_{rarrow 0}u_{r}(r, \theta)$ +cos $\theta\lim_{rarrow 0}\frac{1}{r}u_{\theta}(r, \theta)$
$=\sin\theta u_{r}(0, \theta)+\cos\theta u_{r\theta}(0, \theta)$
$\theta$ ,
$(u_{x})_{\theta}(0, \theta)=0$ $\sin\theta(u_{r}(0, \theta)+u_{r\theta\theta}(0, \theta))=0$
$(u_{y})_{\theta}(0, \theta)=0$ $\cos\theta(u_{r}(0, \theta)+u_{r\theta\theta}(0, \theta))=0$
, 2.1 (2) : $u_{r}(0, \theta)$ $u_{r\theta\theta}(0, \theta)=0^{\cdot}$ .
(2) 2 , .
$(u_{x})_{r}(0, \theta)=\lim_{rarrow 0}\frac{u_{x}(r,\theta)-u_{x}(0,\theta)}{r}$
$= \lim_{rarrow 0}\frac{1}{r}\{$ ($\cos\theta u_{r}(r, \theta)-\frac{\sin\theta}{r}$u$\theta(r, \theta)$) $-(\cos\theta u_{r}(0, \theta)-$ sin $\theta u_{r\theta}(0, \theta))$ }
$= \cos\theta\lim_{rarrow 0}\frac{u_{r}(r,\theta)-u_{r}(0,\theta)}{r}$
$- \sin\theta\lim_{rarrow 0}\frac{1}{r}\{\frac{1^{-}}{r}(ru_{r\theta}(0, \theta)+\frac{r^{2}}{2}u_{rr\theta}(0, \theta)+\cdots)-u_{r\theta}(0, \theta)\}$
$= \cos\theta u_{rr}(0,\theta)-\frac{1}{2}\sin\theta u_{rr\theta}(0, \theta)$
$r. arrow 0\mathrm{h}\mathrm{m}\frac{1}{r}(u_{x}),(r, \theta)=\lim_{rarrow 0}\frac{(u_{x})_{\theta}(r,\theta)-(u_{x})_{\theta}(0,\theta)}{r}$ $( (u_{x})_{\theta}(0, \theta)=0)$
$= \lim_{rarrow 0}\frac{1}{r}\{(-\sin\theta u_{r}(r, \theta)+$ cos $\theta u_{r\theta}(r, \theta)-\frac{\cos\theta}{r}$u$\theta$ (r, $\theta$) $- \frac{\sin\theta}{r}$u$\theta\theta$ (r, $\theta$))
- $(-\sin\theta u_{r}(0, \theta)+$ cos $\theta u_{r\theta}(0, \theta)-$ cos $\theta u_{r\theta}(0, \theta)-$ sin $\theta u_{r\theta\theta}(0, \theta))$ }
(${ }$. $u_{x}($r, $\theta),$ $ou_{e}($0, $\theta)$ $\theta$ )
$=-$ sin $\theta$ \sim im $\frac{u_{r}(r,\theta)-u_{r}(0,\theta)}{r}+$ cos $\theta\lim_{rarrow 0}\frac{1}{r}(u$r$\theta$ (r, $\theta$) $- \frac{1}{r}u_{\theta}(r, \theta)$ )
-sin $\theta\lim_{rarrow 0}\frac{1}{r}(\frac{1}{r}u_{\theta\theta}(r, \theta)-u_{r\theta\theta}(0, \theta)$ )
185
$=- \sin\theta u_{rr}(0, \theta)+\cos\theta\lim_{rarrow 0}\frac{1}{r}(u_{r\theta}$( $r$ , $(u_{r\theta}(0,$ $\theta)+\frac{r}{2}u_{rr\theta}(0,$ $\theta)+\cdots)$ )
-sin $\theta\lim_{rarrow 0}\frac{1}{r}((u_{r\theta\theta}(0, \theta)+\frac{r}{2}u_{rr\theta\theta}(0, \theta)+\cdot$ . . ) $-ur\theta\theta$ (o, $\theta$))
$=-$ sin $\theta u_{rr}(0, \theta)+$ cos $\theta r1$q $( \frac{u_{r\theta}(r,\theta)-u_{r\theta}(0,\theta)}{r}-\frac{1}{2}u_{rr\theta}(0, \theta)$) $- \frac{1}{2}\sin\theta u_{rr\theta\theta}(0,\theta)$
$=- \sin\theta u_{rr}(0, \theta)+\frac{1}{2}\mathrm{c}$os $\theta u_{rr\theta}(0, \theta)-\frac{1}{2}\mathrm{s}$ in $\theta u_{rr\theta\theta}(0$ ,
$(u_{y})_{r}(0, \theta)=\lim_{arrow 0}\frac{u_{y}(r,\theta)-u_{y}(0,\theta)}{r}$
$= \lim_{rarrow 0}\frac{1}{r}\{$ (sin $\theta u_{r}$ ( $r$ , $\frac{\cos\theta}{r}u_{\theta}(r,$ $\theta$)) $-(\sin\theta u_{r}(0, \theta)+\cos\theta u_{r\theta}(0, \theta))\}$
$= \sin\theta\lim_{rarrow 0}\frac{u_{r}(r,\theta)-u_{y}(0,\theta)}{r}$
$+ \cos\theta\lim_{rarrow 0}\frac{1}{r}\{\frac{1}{r}$ ($ru_{r\theta}(0, \theta)+\frac{r^{2}}{2}u_{rr\theta}(0, \theta)+\cdot\cdot \mathrm{r}$ ) $-u_{r\theta}(0, \theta)\}$
$=\sin\theta u_{rr}(0$ , $\frac{1}{2}\mathrm{c}$os $\theta u_{rr\theta}(0$ ,
$\lim_{rarrow 0}\frac{1}{r}(\mathrm{n}\mathrm{z}_{y})_{\theta}(r, \theta)=\lim_{rarrow 0}\frac{(u_{y})_{\theta}(r,\theta)-(u_{y})_{\theta}(0,\theta)}{r}$ $(. (u_{y})_{\theta}(0, \theta)=0)$
$=1r$im $\frac{1}{r}\{(\cos\theta u_{r}(r, \theta)+$ sin $\theta u_{r\theta}(r, \theta)-\frac{\sin\theta}{r}$u$\theta$ (r, $\theta$) $+ \frac{\cos\theta}{r}$u$\theta\theta$ (r, $\theta$))
- $(\cos\theta u_{r}(0, \theta)+$ sin $\theta$u$r\theta(0, \theta)-$ sin $\theta u_{r\theta}(0, \theta)+$ cos $\theta u_{r\theta\theta}(0, \theta))$ }
$= \cos\theta\lim_{rarrow 0}\frac{u_{r}(r,\theta)-u_{r}(0,\theta)}{r}+$ sin $\theta\lim_{rarrow 0}\frac{1}{r}(u_{r\theta}(r, \theta)-\frac{1}{r}u_{\theta}(r, \theta)$ )
$+$ cos $\theta\lim_{rarrow 0}\frac{1}{r}(\frac{1}{r}u_{\theta\theta}(r, \theta)-u_{r\theta\theta}(0, \theta)$ )
$= \cos\theta u_{rr}(0, \theta)+\frac{1}{2}\sin\theta$ ,u
$rr$O $(0, \theta)+\frac{1}{2}\cos\theta u_{rr\theta\theta}(0, \theta)$
2 .
166
$u_{xx}(0, \theta)=\lim_{rarrow 0}u_{xx}(r, \theta)=\lim_{rarrow 0}(\cos\theta(u_{x})_{r}(r, \theta)-\frac{\sin\theta}{r}(u_{x})_{\theta}(r, \theta))$
$= \cos\theta(u_{x})_{r}(0, \theta)-\sin\theta\lim(u_{x})_{\theta}(r, \theta)\underline{1}$
$rarrow 0r$
$=\cos\theta(\mathrm{c}$os $\theta u_{rr}(0, \theta)-\frac{1}{2}\sin\theta u_{rr\theta}(0, \theta)$ )
-sin $\theta(-\sin\theta u_{rr}(0, \theta)+\frac{1}{2}\cos\theta u_{rr\theta}(0, \theta)-\frac{1}{2}\sin\theta u_{rr\theta\theta}(0, \theta)$)
$=u_{rr}(0, \theta)-\frac{1}{2}\sin 2\theta u_{rr\theta}(0, \theta)+\frac{1}{2}\sin 2\theta u_{rr\theta\theta}(0, \theta)$
$u_{xy}(0, \theta)=\lim_{rarrow 0}$ \sim (r, $\theta$ ) $= \lim_{rarrow 0}(\mathrm{s}$ in $\theta(u_{x})_{r}(r, \theta)+\frac{\mathrm{c}o\mathrm{s}\theta}{r}(u_{x})_{\theta}(r, \theta)$ )
$=\sin\theta(u_{x})_{r}(0, \theta)+$ cos $\theta\lim_{rarrow 0}\frac{1}{r}(u_{x})_{\theta}(r, \theta)$
$=\sin\theta(\mathrm{c}$os $\theta u_{rr}(0, \theta)-\frac{1}{2}\sin\theta u_{rr\theta}(0, \theta)$ )
$+$ cos $\theta(-\sin\theta u_{rr}(0, \theta)+\frac{1}{2}\cos\theta u_{rr\theta}(0, \theta)-\frac{1}{2}\sin\theta u_{rr\theta\theta}(0, \theta)$)
$= \frac{1}{2}$ ( $\cos 2\theta-$ sin2 $\theta$) u$rr \theta(0, \theta)-\frac{1}{2}\sin\theta\cos\theta$u$rr$en $(0, \theta)$
$= \frac{1}{2}\mathrm{c}$os $2 \theta u_{rr\theta}(0, \theta)-\frac{1}{4}\mathrm{s}$ i$\mathrm{n}2\theta u_{rr\theta\theta}(0, \theta)$
$u_{yy}(0, \theta)=\lim_{rarrow 0}$ \sim (r, $\theta$ ) $= \lim_{rarrow 0}(\sin\theta$ (uyY $(r \theta)+\frac{\cos\theta}{r}(u_{y})_{\theta}(r,$ $\theta)$)
$=\sin\theta$ (u
$y$
) $(0, \theta)+$ cos $\theta\lim(u_{y})_{\theta}(r, \theta)\underline{1}$
$rarrow 0r$
$=\sin\theta($Sin $\theta u_{rr}(0, \theta)$ COS $\theta u_{rr\theta}(0, \theta))$
$+$ cos $\theta(\cos\theta u_{rr}(0, \theta)+\frac{1}{2}\sin\theta u_{rr\theta}(0, \theta)+\frac{1}{2}\cos\theta u_{rr\theta\theta}(0, \theta)$)




1 $u=u$(x, $y$ )
$\Delta$u-2u$x=(1+4y^{2})\sinh(x+y^{2})$ in $\Omega=\{(x, y)|x^{2}+y^{2}<1\}$
$u=\sinh(x+y^{2})$ on $\Gamma=\{(x, y)|x^{2}+y^{2}=1\}$
$u$ (x, $y$ ) $=\sinh(x+y^{2})$
, . $u(r\cos\theta, r\sin\theta)\equiv\tilde{u}(r, \theta)$
$1’$ $\overline{u}=\overline{u}$ $(r, \theta)$ .
$\tilde{u}_{rr}$ (r, $\theta$ ) $+$ ( $\frac{1}{r}$ - 2 $\cos\theta$) $\overline{u}_{r}$ (r, $\theta$) $+ \frac{1}{r^{2}}\tilde{u}_{\theta\theta}$ (r, $\theta$ ) $+ \frac{2\sin\theta}{r}\tilde{u}_{\theta}$(r, $\theta$ )
$=$ $(1+4r^{2}\sin 2\theta)\sinh\{r(\cos\theta+r \sin 2\theta)\}$ , $0<r<1,0\leqq\theta<2\pi$
$\tilde{u}_{rr}(0, \theta)+\frac{1}{4}\tilde{u}_{rr\theta\theta}(0, \theta)-\cos\theta\tilde{u}_{r}(0, \theta)+\sin l\tilde{u}_{r}$
\mbox{\boldmath $\theta$} $(0, \theta)=0$ , $0\leqq\theta<2\pi$
$\tilde{u}(1, \theta)=\sinh$ ($\cos\theta+$ sin2 $\theta$), $0\leqq\theta<2\pi$
Fortran . 2 . $n_{1}$
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